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Abstract
The stable rank three vector bundles on projective fourspace with Chern classes (−2, 4, 0) whose
first twists have no non-zero global sections form an open subset of the moduli space of all stable
rank three vector bundles in this class. Furthermore, these bundles are precisely those associated
with elliptic conic bundles in projective fourspace. We prove that the family of these bundles is
irreducible, non-singular of dimension 28. As a corollary, we show that the family of elliptic conic
bundles is irreducible of dimension 36.
c© 2005 Elsevier B.V. All rights reserved.
MSC: 14D20; 14J10
1. Introduction
Let X be a non-singular projective variety over an algebraically closed field k. In 1977,
Maruyama [13] proved that the set of isomorphism classes of stable vector bundles on X
with given Hilbert polynomial has a coarse moduli space. It is an interesting problem to
determine whether such a moduli space is non-empty and to determine the structure of the
moduli space.
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For a vector bundle E on the n-dimensional projective space Pn over k, giving the
Hilbert polynomial of E is equivalent to giving the Chern classes of E . So, from the
result of Maruyama, it follows that the set of isomorphism classes of stable rank r vector
bundles on Pn with Chern classes (c1, . . . , cr ) = (a1, . . . , ar ) has a coarse moduli space
MPn (a1, . . . , ar ).
This paper will be devoted to the study of the moduli space MP4(−2, 4, 0) of stable
rank three vector bundles P4. The main purpose of this paper is to describe the subfamily
M of MP4(−2, 4, 0) formed by stable rank three bundles in this class whose first twists
E(1) have no non-zero global sections. A bundle of this type was found by Sasakura. This
bundle was rediscovered by Kumar et al. [12].
The bundle Sasakura constructed corresponds to a special smooth surface in P4. Indeed,
Decker, Sasakura and the author showed that the dependency locus of two general sections
of this bundle is an elliptic conic bundle in P4, that is, a smooth surface X with a map
from X onto an elliptic curve whose general fibers are embedded as smooth conic sections
in P4 [2]. This surface is of interest in the classification problem of smooth non-general
type surfaces in P4. This surface was falsely ruled out in Okonek’s classification of smooth
surfaces of degree 8 in P4 and provides a counterexample to a conjecture of Ellingsrud and
Peskine, which says that there should be no irregular m-ruled surface in P4 for m ≥ 2.
Our goal is to prove the following theorem:
Theorem 1. M is irreducible and smooth of dimension 28.
The bundles in M are precisely those associated with elliptic conic bundles in P4. As a
corollary to Theorem 1 we will prove the following theorem:
Theorem 2. The family of elliptic conic bundles in P4 is irreducible of dimension 36.
The dimension of this family was previously incorrectly computed by Decker and
Schreyer [9].
Here we would like to remark that the family M does not coincide with MP4(−2, 4, 0).
In Section 2, we will prove the following theorem:
Theorem 3. There exists a stable rank three vector bundle on P4 with Chern classes
(−2, 4, 0) whose first twist has global sections.
Clearly, the point of MP4(−2, 4, 0) corresponding to this bundle is not contained in M .
This example was not known before.
To prove Theorem 1, we use the technique of monads. The basic idea of monads is
to represent a given vector bundle as the cohomology of a complex of simpler vector
bundles. A useful way of constructing or classifying monads is Beilinson’s theorem,
which determines the type of a monad needed to construct a desired bundle from partial
knowledge of its cohomology groups (see [4] for a precise statement). This theorem
says that any vector bundle on Pn can be represented by a monad in terms of (suitably
twisted) bundles of differentials and homomorphisms between these bundles. These
homomorphisms are given by homogeneous matrices over the exterior algebra on the
underlying vector space of Pn , so the classification problem of vector bundles is reduced to
an explicit problem in linear algebra, to classify the matrices satisfying certain conditions.
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In order to apply Beilinson’s theorem to vector bundles E with prescribed invariants,
we need information on the dimensions hiE( j) = dimHiE( j) in some range of twists.
Typically, such information is obtained by restricting bundles to suitable linear subspaces.
Due to [17], the restriction EH of E to a general hyperplane is also stable. So, information
on the cohomology of E can be obtained from information on that of EH by taking
cohomology in the exact sequence
0→ E(−1)→ E → EH → 0.
Therefore we start by computing the dimensions of cohomology groups of stable bundles
on P3 with the same invariants. To do this, we study the possible spectra of these bundles
(see [16] for the definition).
To give the restriction to the possible cohomology groups HiE( j) obtained in the above
way, we carry out the reduction step, which allows one to reduce problems concerning E to
problems concerning a certain reflexive sheaf of the same rank whose second Chern class is
strictly less than that of E . For rank two reflexive sheaves on P3, the reduction step has been
introduced by Hartshorne [10]. This technique was extended to reflexive sheaves on Pn ,
n ≥ 3, by Okonek [15]. The reduction step can easily be formulated for use on semistable
rank three reflexive sheaves on Pn , n ≥ 3. The precise statement can be found in [1].
2. Cohomological characterization
In this section we prove that every stable rank three bundle E on P4 with Chern classes
(−2, 4, 0) has natural cohomology in the range −4 ≤ j ≤ 0 of twists, that is, for
−4 ≤ j ≤ 0 at most one of the cohomology groups HiE( j), for i = 0, . . . , 4, is non-
zero. Typically, information about the cohomology of a vector bundle can be obtained by
restricting the bundle to a hyperplane. So, we first discuss stable rank three vector bundles
on P3 with the same invariants.
2.1. Stable rank three bundles on P3 with Chern classes (−2, 4, 0)
Let V be a fixed 4-dimensional C-vector space with basis e0, . . . , e3 and let P3 = P(V )
be the projective space of lines in V with homogeneous coordinate ring
S = C[x0, . . . , x3] =
⊕
m≥0
SmV ∗.
Let E be a stable rank three vector bundle on P3 with Chern classes (−2, 4, 0). Then
the general splitting type of E is aE = (−1,−1, 0) by the Grauert–Mu¨lich–Spindler
theorem [18]. Suppose that a set kE = {k1, . . . , km} of integers is the spectrum of E . Then,
by Theorem 3.1 in [16], the set of integers kE must satisfy the following conditions:
(i) If ki ≤ −2 is in the spectrum, then all integers between ki and −2 also occur in the
spectrum. If ki ≥ 1 is in the spectrum, then all integers between ki and 1 also occur in
the spectrum.
(ii) m = −χ(EP (−1)) = 3, where P is a plane in P3.
(iii) k1 + k2 + k3 = −3.
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Only the sets of integers {−2,−2, 1}, {−2,−1, 0} and {−1,−1,−1} satisfy the
conditions given above.
Proposition 4. The set of integers {−2,−2, 1} cannot occur as the spectrum of a stable
rank three vector bundle on P3 with Chern classes (−2, 4, 0).
Proof. This proposition is a consequence of Proposition 2.2(c) in [6]. 
2.1.1. Maximal spectrum
By conditions (i), (ii) and (iii), every rank three vector bundle E on P3 with Chern
classes (−2, 4, 0) and spectrum {−2,−1 − 0} has the following Beilinson cohomology
table:
Here the Beilinson cohomology table for a coherent sheaf F on Pn is the cohomology
table for hiF( j) in the range −n ≤ j ≤ 0 of twists.
Theorem 5. Let E be a stable rank three vector bundle on P3 with Chern classes (−2, 4, 0)
and spectrum {−2,−1, 0}. Then h0E(1) = 1.
Proof. By the bilinear map lemma, Lemma 5.1 in [10], the pairing
H0O(1)⊗
(
H2E(−1)
)∗→ (H2E(−2))∗
is degenerate, since h2E(−2) = 3 and h2E(−1) = 1. This implies that there is an element
h ∈ H0O(1) such that the induced map (H2E(−1))∗ → (H2E(−2))∗ has a non-zero
kernel. So H0E∨P (−2) ' (H2EP (−1))∗ 6= 0, where P = V (h), and thus P is an unstable
plane for E of order 2. By the reduction step with respect to P (see Section 9 in [10]), we
have an exact sequence
0→ E ′(−1)→ E → IZ ,P (−2)→ 0,
where Z ⊂ P is a closed subscheme of codimension ≥2 with s = lengthOZ and where
E ′ is a rank three reflexive sheaf on P3 with Chern classes (0, 1, 2s − 2). Furthermore,
H0E ′ = H0E = 0. Let K denote the kernel of the map EH → IZ ,P (−2). Then we have an
exact sequence
0→ E(−1)→ E ′→ K→ 0.
By the cohomology sequence associated to the above exact sequence, one can deduce that
H3E ′( j) = 0 for all j ≥ −2, and hence the sheaf E ′ is semistable. Suppose that Z has
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codimension 2. Then s = 8, and thus c3(E ′) = 14. However, this cannot occur, due to
the bound on the third Chern class c3 of a semistable rank three reflexive sheaf on P3 with
c1 = 0 given by Miro´-Roig [14]. So Z must be the empty set. Note that hdO(OP ) = 1 and
hdO(E) = 0. Applying the functorHom(·,O) to the exact sequence
0→ E ′(−1)→ E → OP (−2)→ 0 (1)
gives the exact sequence
· · · → Ext1(E,O)→ Ext1(E ′(−1),O)→ 0
and the isomorphisms
Ext i (E ′(−1),O) ' Ext i (E,O)
for all i ≥ 2. So we can deduce that E ′(−1) is a vector bundle. In conclusion, E ′ is a
semistable rank three vector bundle on P3 with Chern classes (0, 1,−2). From (1), to
prove this theorem, it suffices to show that h0E ′ = 1. So our result is a consequence of the
following lemma. 
Lemma 6. Let F be a semistable rank three vector bundle on P3 with Chern classes
(0, 1,−2). Then F has the following Beilinson cohomology table:
Proof. By the restriction theorem [17] the restriction FP of F to a general plane P in P3
is again semistable. From the exact sequence
0→ F(−1)→ F → FP → 0,
we have χ(FP ) = χ(F) − χ(F(−1)) = 2 by the Riemann–Roch theorem. Since FP is
semistable, h2FP = 0. So we can deduce that h0FP 6= 0. Since h0FP (−1) = 0 by the
semistability of FP , a non-zero global section of FP defines an exact sequence
0→ OP → FP → Q→ 0,
where Q is a rank two torsion free sheaf on P with Chern classes (0, 1). Dualizing the
above exact sequence gives rise to the exact sequence
0→ Q∨→ F∨P → OP → Ext1(Q,OP )→ 0.
From this we have H0Q∨(−1) = 0, because H0F∨P (−1) = 0. This implies that Q∨ is
semistable, sinceQ∨ is a rank two reflexive sheaf on P . SoQ is also semistable. According
to Spindler [18], for a general line L in P , QL ' 2OL . Therefore FL ' 3OL for this line.
This implies that F has splitting type (0, 0, 0). So the spectrum of F is kF = {1}, and
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hence it remains only to show that h0F = 1. Since h0F∨ = h3F(−4) = 2, we can choose
two sections s1 and s2 of F∨ which span a 2-dimensional subspace of H0F∨. Then s1 ∧ s2
is a non-zero global section of
∧2 F∨ ' F , which says that h0F ≥ 1. The dependency
locus of s1 and s2 has codimension 2, since H0F∨(−1) = 0. Let Y = V (s1 ∧ s2). Then
Y ⊂ P3 is a locally Cohen–Macaulay closed subscheme of degree d = 1 with arithmetic
genus pa = 0, so Y is a line in P3. We have the exact sequence
0→ 2O→ F∨→ IY → 0.
Since IY has the minimal free resolution of type
0← IY ← 2O(−1)→ O(−2)← 0,
the shape of the minimal free resolution of F is
2O
0 ← F∨ ← ⊕
2O(−1) ↖ O(−2) ← 0. (2)
The cokernel F∨ of the second map f in this sequence is a vector bundle if and only if this
map forms a system of parameters for S. Obviously F can be regarded as the sheafified
first syzygy module of Coker( f ∨ : 2S(1) ⊕ 2S → S(2)), and hence F has the minimal
free resolution of type
O
⊕
0 ← F ← 4O(−1) 2O(−2)
⊕ ↖ ⊕
O(−2) 2O(−3) ↖ O(−4) ← 0. (3)
So h0F = 1. 
Example 7. Here we construct a stable rank three vector bundle on P3 with Chern classes
(−2, 4, 0) and spectrum {−2,−1, 0}.
Let F be a semistable rank three vector bundle on P3 with Chern classes (0, 1,−2).
From (3), it follows that F(2) is globally generated. So the zero scheme Z of a general
section s ∈ H0F(2) has expected codimension. Now we take a plane P in P3 such that
P ∩ Z = ∅. Suppose that p ∈ H0O(1) ' Hom(O(2),O(3)) defines the plane P:
0→ O(2) p→ O(3) q→ OP (3)→ 0.
We regard s ∈ H0F(2) as an element of Hom(F∨(1),O(3)). Then q◦ s : F∨(1)→ OP (3)
is surjective. Consider the sheaf E∨ obtained via the exact sequence
0→ E∨→ F∨(1) q◦s−→ OP (3)→ 0. (4)
From the fact that hdO(OP (3)) = 1, it follows that hdO(E∨) = 0, which implies that E∨ is
a rank three vector bundle on P3. Note thatOP (3) has Chern classes (1,−2, 4). So E∨ has
Chern classes (2, 4, 0). Thus E has Chern classes (−2, 4, 0). We will show that the bundle
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E obtained in this way is stable. Consider the following commutative diagram:
H0F∨
s(−1)
 %%LL
LLL
LLL
LL
0 // H0O(1) p(−1) // H0O(2) q(−1) // H0OP (2) // 0.
By using Macaulay2 [11], we can check that, if we randomly choose s(−1) ∈
Hom(F∨,O(2)), then q(−1) ◦ s(−1) : H0F∨ → H0OP (2) is injective. This implies
that H0E∨(−1) = 0. On the other hand, dualizing (4) gives rise to the exact sequence
0→ F(−1)→ E → OP (−2)→ 0.
So, taking cohomology, we can deduce that H0E = 0, because F is semistable. Hence E
is stable. In this case the spectrum of E is {−2,−1, 0}. Indeed, if E were to have spectrum
{−1,−1,−1}, then h1E(−1) = 0. However, h1E(−1) = h1F(−2) = 1 from the above
exact sequence.
Proposition 8. Let E be a stable rank three vector bundle on P3 with Chern classes
(−2, 4, 0) and spectrum {−2,−1, 0}. Then E∨(−1) has an unstable plane P of order 1 .
The reduction step with respect to P gives an exact sequence
0→ E → F → OP (1)→ 0,
where F is a rank three reflexive sheaf with Chern classes (−1, 2, 4) with the following
Beilinson cohomology table:
Proof. By Serre duality we have h2E∨(−3) = 1 and h2E∨(−4) = 2. So E∨(−1) has an
unstable plane P of order 1 by dimension reasons. We now perform a reduction step for
E∨(−1), which gives an exact sequence
0→ F∨(−1)→ E∨(−1)→ IZ ,P (−1)→ 0.
Dualizing and twisting this exact sequence, we obtain the exact sequence
0→ E → F → OP (1)→ 0.
The new sheaf F has Chern classes (−1, 2, 4). From the above exact sequence, it
immediately follows that{
h2E( j) = h2F( j) for j ∈ Z
h1E( j) = h1F( j) for j ≤ −2.
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Use the same idea as in the proof of Theorem 5 and Serre duality to get
h3F(− j − 3) = h0F∨( j − 1) = 0 for j ≤ 0
h0F(− j − 3) = h3F∨( j − 1) = 0 for j ≥ −2
h0F = h3F∨(−4) ≤ 1.
Using the Riemann–Roch theorem, we obtain χ(F) = h0F − h1F = 1 and χ(F(−1)) =
−h1F(−1)+ h2F(−1) = 1. The first equation implies that h0F ≥ 1, and hence h0F = 1
and h1F = 0. The second equation shows that h1F(−1) = 0, because h2F(−1) = 1.
Hence we have completed the proof. 
2.1.2. Minimal spectrum
By conditions (i), (ii) and (iii), every stable rank three vector bundle on P3 with Chern
classes (−2, 4, 0) and spectrum {−1,−1,−1} has the following Beilinson cohomology
table:
Theorem 9. Let E be a stable rank three vector bundle on P3 with Chern classes (−2, 4, 0)
and spectrum {−1,−1,−1}. Then h0E(1) ≤ 2.
Proof. Suppose that h0E(1) ≥ 2. Then we can take two global sections s1 and s2 such that
s1∧ s2 is a non-zero global section of∧2 E(2) ' E∨. By the stability of E , H0E∨(−1) = 0.
So the dependency locus of these two sections has codimension 2. Consider a global section
s = λs1 + µs2 for [λ : µ] ∈ P1. We first prove that there is an element [λ : µ] ∈ P1 such
that the zero scheme V (s) of s = λs1 + µs2 has codimension 3. To prove this, we assume
to the contrary that there is no such element. Then codim(V (s)) = 2 or V (s) = ∅, since
H0E = 0 by the stability of E .
If there were an element [λ : µ] ∈ P1 such that V (s) = ∅, then the cokernel of the
map s : O → E(1) would be a rank two vector bundle E ′(1). However this cannot occur,
because the third Chern class of E(1)′ could not be zero.
For the case V (s) that has codimension 2 for all [λ : µ] ∈ P1, V (s1∧ s2) has dimension
3. This contradicts our assumption. So s defines a map s : O → E , which is an injective
bundle map outside a 3-codimensional closed subscheme of P3, and thus the cokernel
E ′(1) = Coker(s) is a rank two reflexive sheaf with Chern classes (1, 3, 3). Twisting the
exact sequence
0→ O s→ E(1)→ E ′(1)→ 0 (5)
by O(−1), and taking cohomology, we can deduce that the normalized bundle E ′ has no
non-zero global sections, because H0E = 0 and H1O(−1) = 0. So E ′ is a stable rank
H. Abo / Journal of Pure and Applied Algebra 207 (2006) 299–317 307
two reflexive sheaf on P3 with Chern classes (−1, 3, 3). Clearly E ′ must have spectrum
{−1,−1,−1}. So to complete the proof, it remains only to show that h0E ′(1) ≤ 1. So this
theorem is a consequence of Theorem 3.13 in [5]. 
We will now give some examples of stable rank three bundles on P3 with Chern classes
(−2, 4, 0) and minimal spectrum.
Example 10. Let E be a stable rank three vector bundle on P3 with Chern classes
(−2, 4, 0) and spectrum {−1,−1,−1}. Suppose that h0E(1) = 0. Beilinson’s theorem
applied to E(1) implies that E(1) is obtained as the cokernel of a certain map
3O(−1) → 2Ω1(1). Since 2Ω1(2) is globally generated, if we choose a general map
ψ ∈ Hom(3O(−1), 2Ω1(1)), then E(1) = Coker(ψ) is a rank three vector bundle on P3.
Furthermore, the normalized bundle E has the desired Chern classes. Recall that 2Ω1(1)
has a minimal free resolution of type
0← 2Ω2(1)← 12O(−1)← 8O(−2)← 2O(−3)← 0.
Comparing this with the exact sequence
0→ 3O(−1)→ 2Ω1(1)→ E(1)→ 0,
we obtain the minimal free resolution of E(1):
0← E ← 9O(−1) α← 8O(−2)← 2O(−3)← 0.
To prove the stability of E , we must show that H0E∨(−1) = 0. Choose two general sections
of E(2). Since E(2) is globally generated, the dependency locus Y of these sections is
smooth. Taking cohomology in the exact sequence
0→ 2O(−4)→ E(−2)→ IY → 0,
we have h1IY = h1E(−2) = 0. So Y is a smooth curve in P3 with degree 12 and genus
13 by the generalized Serre correspondence [15]. Dualizing the above exact sequence and
tensoring with O(−3), we get
0→ O(−3)→ E∨(−1)→ 2O(1) φ→ ωY (1)→ 0.
Then we obtain the following commutative diagram:
2O

φ
$$J
JJ
JJ
JJ
JJ
0 // ω∨Y (1) // 2OY (1) // ωY (1) // 0.
Let H be the hyperplane section of Y and K the canonical divisor of Y . Since deg(−K +
H) = −24 + 12 = −12 < 0, H0ω∨Y (1) vanishes, which implies that φ : H02O(1) →
H0ωY (1) is injective. So H0E∨(−1) = 0, and hence E is stable.
Example 11. Let E be as above. Suppose that h0E(1) = 1. Beilinson’s theorem applied to
E(1) implies that E is the cohomology bundle of a monad of type
3O(−1)→ 2Ω1(1)⊕O→ O.
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Conversely, straightforward calculations show that the complex
3O(−1) α→ 2Ω1(1)⊕O β→ O
with
α =

e0 ∧ e2 e0 ∧ e3 e1 ∧ e2
e1 ∧ e3 e1 ∧ e2 e0 ∧ e2
e0 ∧ e1 ∧ e2 e1 ∧ e2 ∧ e3 e0 ∧ e1 ∧ e3
 and β = (e0 e1 0)
satisfies the monad conditions. Let E(1) be the cohomology bundle of this monad. Then E
has the claimed Chern classes.
Decker and Eisenbud developed a Macaulay2 code for computing Beilinson monads
(see [8] for the code). Using this code, we are able to compute the syzygies of E . In
particular, E and E∨(−1) have no non-zero global sections, and thus E is stable.
Example 12. Let Y be the disjoint union of three lines in P3. Then ωY ' OY (−2),
and thus ωY (3) ' OY (1) is globally generated by two elements. So Y corresponds to
a rank three vector bundle E(1) with Chern classes (1, 3, 3) by the generalized Serre
correspondence [15]. The corresponding bundle E(1) has two global sections s1 and s2
such that Y ' V (s1 ∧ s2). These global sections define the exact sequence
0→ 2O (s1,s2)−→ E(1)→ IY (1)→ 0. (6)
Twisting by O(−1) and taking cohomology, we obtain h0E = 0. Furthermore, dualizing
(6) gives
0→ O(−1)→ E∨(−1)→ 2O φ→ ωY (3)→ 0.
Then we have the commutative diagram
2O

φ
##G
GG
GG
GG
GG
0 // ω∨Y (−3) // 2OY // ωY (3) // 0.
Since ω∨Y (−3) ' OY (−1), we have h0ω∨Y (−3) = 0, and so φ maps H02O to H0ωY (3)
injectively. Hence H0E∨(−1) = 0, which implies that E is stable. Note that Y is not
contained in any plane. So h0E(1) = h02O + h0IY (1) = 2 by (6). The set of integers
{−2,−1, 0} cannot occur as the spectrum of this bundle, otherwise h0E(1) = 1 by
Theorem 3.1 in [16]. Hence this shows the existence of a stable rank three vector bundle
on P3 with Chern classes (−2, 4, 0) and spectrum {−1,−1,−1} such that h0E(1) = 2.
2.2. Stable rank three bundles on P4 with Chern classes (−2, 4, 0)
Let V be a fixed 5-dimensional C-vector space with basis e0, . . . , e4, let P4 = P(V ) be
the projective space of lines in V , and let
S = C[x0, . . . , x4] =
⊕
m≥0
SmV ∗
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be its homogeneous coordinate ring. This paragraph is devoted to the proof of the following
theorem:
Theorem 13. Every stable rank three bundle on P4 with Chern classes (−2, 4, 0) has
natural cohomology in the range −4 ≤ j ≤ 0 of twists.
Proof. Let E be a stable rank three bundle on P4 with Chern classes (−2, 4, 0) and let H
be a general hyperplane of P4. Then the restriction EH of E to H is stable. It was previously
shown that the spectrum of EH is either {−2,−1, 0} or {−1,−1,−1}. So, by using exact
sequences
0→ E( j − 1) h→ E( j)→ EH ( j)→ 0, (7)
and the Riemann–Roch theorem, we obtain H1E( j) = 0 for j ≤ −2 and H3E( j) = 0 for
j ≥ −1. So, the dimensions of the cohomology groups HiE( j) in the range −4 ≤ j ≤ 0
of twists satisfy the following relations:
Thus, this theorem is a consequence of Lemmas 14–17. 
Lemma 14. c = 0.
Proof. From (7), we have the long exact sequence
· · · → H2EH (−2)→ H3E(−3)→ H3E(−2)→ 0.
So the inequality
h3E(−3)− h3E(−2) ≤ h2EH (−2) = 3
holds. By the bilinear map lemma, the pairing
H0O(1)⊗
(
H3E(−2)
)∗→ (H3E(−3))∗
is degenerate. Hence there is an unstable hyperplane H0 for E of order 2. The generalized
reduction step with respect to H0 (see Proposition 1.17 in [15] or Theorem 3.9 in [1])
implies that there exists an exact sequence
0→ E∨→ F∨(1)→ OH0(3)→ 0, (8)
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where F∨ is a semistable rank three reflexive sheaf whose Chern classes are (0, 1, 2,−8).
From (8), we have
χ(F∨(−1)) = χ(E∨(−2))+ χ(OH0(1)) = −2+ 4 = 2. (9)
Let H be a general hyperplane in P4. Then P0 = H ∩ H0 is a plane in P4. Restricting (8)
to H gives
0→ E∨H → F∨H (1)→ OP0(3)→ 0. (10)
Since P0 is an unstable plane of order 2 for the stable rank three bundle EH on H , we
can consider (10) as the exact sequence obtained by the reduction step for EH with respect
to P0. As shown in the proof of Theorem 5, the new sheaf F∨H is a semistable rank three
bundle on H with Chern classes (0, 1, 2). By Lemma 6 plus Serre duality, F∨H has the
following Beilinson cohomology table:
Taking cohomology in the exact sequences
0→ F∨( j − 1)→ F∨( j)→ F∨H ( j)→ 0,
we therefore obtain
H1F∨( j − 1) = H1F∨( j) for j ≤ −1
H2F∨( j − 1) = H2F∨( j) for j ≥ −1
H3F∨( j − 1) = H3F∨( j) for j ≥ −1.
Recall that h1F∨(−k) = h2F∨(k) = h3F∨(k) = 0 for k  0. This implies that
h1F∨(k) = 0 for k ≤ −1 and h2F∨(k) = h3F∨(k) = 0 for k ≥ −1. Since F∨ is
semistable, χ(F∨(−1)) = 0, which contradicts (9). 
Lemma 15. d = 0.
Proof. From (7), we have the long exact sequence
0→ H1E(−1)→ H1E → H1EH → · · · .
This implies that
h1E − h1E(−1) ≤ h1EH = 2.
So the pairing
H0O(1)⊗ H1E(−1)→ H1E
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is degenerate, which says that there is an element h0 ∈ H0O(1) such that the kernel of the
induced map H1E(−1) → H1E has dimension ≥1. Let H0 = V (h0). Then H0EH0 6= 0,
and hence H0 is an unstable hyperplane of order 1 for E∨(−1). The generalized reduction
step with respect to H0 gives an exact sequence
0→ E → F → OH0(1)→ 0, (11)
where F is a rank three reflexive sheaf whose Chern classes are (−1, 2, 4, 0). From (11),
we have
χ(F(−1)) = χ(E(−1))+ χ(OH0) = 1+ 1 = 2. (12)
Using the same idea as in the proof of Theorem 5, we obtain{
h0F( j) = 0 for j ≤ −1
h4F( j) = 0 for j ≥ −4.
Let H be a general hyperplane in P4 and let P0 = H ∩ H0. Then the normalized bundle
E∨H (−1) is stable and P0 is an unstable plane for E∨H (−1) of order 1. Restricting (11) to H ,
we obtain the exact sequence
0→ EH → FH → OP0(1)→ 0.
The sheaf FH can be regarded as the sheaf given by the reduction step for E∨H (−1) with
respect to P0. The Beilinson cohomology table of FH was shown in Proposition 8. So,
taking cohomology in the exact sequences
0→ F( j − 1)→ F( j)→ FH ( j)→ 0,
we can see that χ(F(−1)) = 0. But this contradicts (12), and hence we have completed
the proof. 
Lemma 16. e = 0.
Proof. By Lemmas 14 and 15, Beilinson’s theorem applied to E implies the existence of a
surjective map Ω1(1)→ eO. By Remark 1 in [7], this is only possible if e = 0. 
Lemma 17. a = b = 0.
Proof. We prove this lemma in the same way as in the case of the previous lemma. First
apply Beilinson’s theorem to E∨(−2). This implies the existence of a surjective map
Ω1(1) → bO. By Remark 1 in [7], this is only possible if b = 0. We can take the same
step inductively, and hence we obtain h2E∨( j) = 0 for every j ≥ −2. 
Remark 18. The existence of a stable rank three vector bundle on P4 with Chern classes
(−2, 4, 0) whose first twist has no non-zero global sections was established by Sasakura.
This bundle has been found by the stratification theoretical method developed by him.
Later, Decker, Sasakura and the author gave the monad construction of this bundle [2].
Remark 19. There is no stable rank three vector bundle E on P4 with Chern classes
(−2, 4, 0) such that h0E(1) = 1 or h0E(1) ≥ 3 (see [1] for a proof). However, there
does exist a stable rank three vector bundle E on P4 with the claimed Chern classes such
that h0E(1) = 2. Indeed, the complex
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2O(−1)⊕ Ω3(3) α→ Ω2(2)⊕ Ω1(1)⊕ 2O β→ O,
where
α =

e1 ∧ e2 −e1 ∧ e4 + e2 ∧ e3 −e0
e0 ∧ e2 ∧ e3 − e0 ∧ e1 ∧ e4 e0 ∧ e3 ∧ e4 e1 ∧ e2
0 0 e1 ∧ e3 ∧ e4
0 0 e2 ∧ e3 ∧ e4

and
β =

e1 ∧ e2 e0 0 0
−e0 ∧ e3 e1 0 0
e0 ∧ e4 e2 0 0
 ,
fulfills the monad condition, and the homology of the monad is a rank three vector bundle
with Chern classes (1, 3, 3). So, the corresponding normalized bundle E has the desired
Chern classes. As in Example 7, the stability of E can be shown by computing the syzygies
of E and E∨(−1) with Macaulay2.
3. Moduli space
In this section we show that the stable rank three bundles on P4 with Chern classes
(−2, 4, 0) whose first twists have no non-zero global sections form an irreducible family
of dimension 28, and that the moduli space M(−2, 4, 0) is non-singular at a point
corresponding to one of these bundles.
Proposition 20. The following conditions are equivalent:
(i) E is a stable rank three vector bundle on P4 with Chern classes (−2, 4, 0) such that
H0E(1) = 0.
(ii) E(1) is isomorphic to the cohomology bundle of a monad of type
2O(−1)⊕ Ω3(3)→ Ω2(2)⊕ Ω1(1)→ O.
Proof. The implication (i)⇒ (ii) is a consequence of Beilinson’s theorem and Theorem 13.
(ii)⇒ (i): Let E(1) be the cohomology bundle of a monad of type
2O(−1)⊕ Ω3(3)→ Ω2(2)⊕ Ω1(1)→ O.
Then E is a rank three vector bundle on P4 with Chern classes (−2, 4, 0) such that
H0E(1) = 0. In order to prove that E is stable, it remains only to show that E∨(−1) has no
non-zero global sections. Note that E(1) can be represented via an exact sequence
0→ 2O(−1)→ G → E(1)→ 0,
where G is a rank five bundle on P4 with Chern classes (−1, 2,−2,−3). It has been shown
in [2] that this bundle G is, up to isomorphisms and coordinate transformations, isomorphic
to the cohomology bundle of the monad
Ω3(3)
α→ Ω2(2)⊕ Ω1(1) β→ O
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with
α =
(
e4
e0 ∧ e2 + e1 ∧ e3
)
and β = (e0 ∧ e2 + e1 ∧ e3 −e4) .
In particular, G has the minimal free resolution of type
0 ← G ← 10O(−1) 4O(−2) O(−3)↖ ⊕ ← ⊕
5O(−3) 4O(−4) ↖ O(−5) ← 0.
So it follows that E(2) is globally generated. Therefore the dependency locus X of two
general sections of E(2) is a smooth surface:
0→ 2O→ E(2)→ IX (4)→ 0. (13)
From (13) and the invariants of E(2) it follows that X has degree d = 8 and sectional genus
pi = 5. Let H be a hyperplane section of X and K the canonical divisor of X . Taking the
dual of (13) and twisting by O(1), we obtain the exact sequence
0→ O(−3)→ E∨(−1)→ 2O(1) φ→ ωX (2)→ 0.
The map φ is factored as follows:
2O(1)

φ
$$II
III
III
II
0 // ω∨X // 2OX (1) // ωX (2) // 0.
Since −K · H = −2pi + 2 + d = 0, we can deduce that H0ω∨X = 0. Taking cohomology
in the bottom row of the diagram, we conclude that H02OX (1)→ H0ωX (2) is injective. It
follows from the exact sequence
0→ IX (1)→ O(1)→ OX (1)→ 0
that the map H0O(1) → H0OX (1) is injective, which implies that φ is also injective.
Hence H0E∨(−1) = 0. So, we complete the proof. 
Remark 21. Let E be a rank three vector bundle on P4 with Chern classes (−2, 4, 0).
We have shown that, if h0E(1) = 0, then two general sections of E(2) define a smooth
surface X in P4 with degree d = 8, sectional genus pi = 9, geometric genus pg = 0, and
irregularity q = 1.
It has already been shown in [2] that any smooth surface in P4 with the given invariants
is obtained as the dependency locus of four general sections of a rank five vector bundle G
on P4, which is the cohomology bundle of a monad of the following type:
Ω3(3)→ Ω2(2)⊕ Ω1(1)→ O.
Recall that G(1) is globally generated. Since the 4th Chern class c4 of G(1) vanishes, G(1)
has a trivial subbundle of rank 2, and thus the quotient is a rank three vector bundle E(2)
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on P4 with Chern classes (4, 8, 8). By construction, E(1) is isomorphic to the cohomology
bundle of a monad of type
2O(−1)⊕ Ω3(3)→ Ω2(2)⊕ Ω1(1)→ O.
So, E is stable by Proposition 20. This implies that any elliptic conic bundle in P4 is
obtained as the dependency locus of two general sections of E(2).
Lemma 22. Let N be the moduli space of bundles on P4 obtained as the cohomology
bundle of monads of type
Ω3(3)→ Ω2(2)⊕ Ω1(1)→ O.
Then N is smooth, irreducible of dimension 12. In particular, every cohomology bundle of
a monad of the claimed type is simple.
Proof. We first show smoothness of N . Let G be the cohomology bundle of a monad of
the claimed type. To see this, it is sufficient to show that H2(G ⊗ G∨) = 0 for any such
G. The shape of the minimal free resolution of G has already been shown in the proof of
Proposition 20. Tensoring this with G∨ gives
0 ← G ⊗ G∨ ← 10G∨(−1) 4G∨(−2) G∨(−3)↖ ⊕ ← ⊕
5G∨(−3) 4G∨(−4) ↖ G∨(−5) ← 0.
Taking cohomology, and using Serre duality, we obtain
Hi (G ⊗ G∨) = 0 for q ≥ 2.
This implies that N is smooth, and that χ(G ⊗ G∨) = h0(G ⊗ G∨) − h1(G ⊗ G∨). Using
the locally free resolution of G ⊗ G∨ given above and the Riemann–Roch formulae for
χ(G∨(−i)), 1 ≤ i ≤ 5, we obtain
χ(G ⊗ G∨) = −11.
The Zariski tangent space T[G]N of N at [G] ∈ N is isomorphic to H1(G ⊗ G∨). Since N
is smooth, dim(N ) = h1(G ⊗ G∨) for any such G. If dim(N ) = 12, then h0(G ⊗ G∨) = 1.
So G is simple.
To show that N is irreducible of dimension 12, we describe the set U of pairs
(α, β) explicitly, where α : Ω3(3) → Ω2(2) ⊕ Ω1(1) is an injective bundle map and
β : Ω2(2) ⊕ Ω1(1) → O is a surjective bundle map such that β ◦ α = 0. Both
Hom(Ω3(3),Ω2(2)⊕Ω1(1)) and Hom(Ω2(2)⊕Ω1(1),O) can be identified with∧2 V⊕V
(see Section 6 of [8]). Let W = {β = (v,w) ∈∧2 V ⊕ V | β is a surjective bundle map}.
Consider the map φ : W → ∧2 V defined by φ(v,w) = v. As stated in the proof of
Proposition 20, v ∈ ∧2 V is indecomposable. So φ(W ) is∧2 V minus the Grassmannian
cone, which says that φ(W ) is irreducible of dimension 15. Now we may write
v = v1 ∧ v2 + v3 ∧ v4
with v1, . . . , v4 ∈ V linearly independent, since dim(V ) = 5. w ∧ v1 ∧ v2 ∧ v3 ∧ v4 6= 0.
So
V ' {a0w + a1v1 + a2v2 + a3v3 + a4v4 | ai ∈ C, 0 ≤ i ≤ 4},
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and φ−1(φ(v,w)) = {(a0, . . . , a4) ∈ C5 | a0 6= 0}. So, for each β ∈ W , the fiber
φ−1(φ(β)) is irreducible of dimension 5, and thus W is irreducible.
Next define a map ψ : U → W by ψ(α, β) = β. Let K = Ker(β = (v,w) :
V ⊕∧2 V →∧3 V ). Then
K '
{
b0
(−w
v
)
+ b1
(
0
w ∧ v1
)
+ b2
(
0
w ∧ v2
)
+ b3
(
0
w ∧ v3
)
+ b4
(
0
w ∧ v4
)∣∣∣∣ bi ∈ C, 0 ≤ i ≤ 4} ,
and thus ψ−1(ψ(α, β)) ' {(b0, . . . , b4) ∈ C5 | b0 6= 0} and hence this fiber is irreducible
and has dimension 5, from which it follows that U ⊂ K ⊕∧2 V ⊕ V is irreducible of
dimension 20. According to Maruyama [13], the flat family of bundles G parameterized by
U defines a surjective morphism pi : U → N , so N is also irreducible.
To complete the proof, it remains only to show dim(N ) = 12. Let
H =
{(
a 0
u b
)∣∣∣∣ a, b ∈ C×, u ∈ V} .
Then the group
G = GL(1,C)× H × GL(1,C)/C×
acts on U by (α, β)( f, g, h) = (gα f −1, hβg−1). Clearly there is no fixed point of G. The
G-orbits are just the fibers of pi . Therefore dim(N ) = 20− 8 = 12. 
Theorem 23. The moduli space M of stable rank three bundles on P4 with Chern classes
(−2, 4, 0) whose first twists have no non-zero global sections is irreducible and smooth of
dimension 28.
Proof. Smoothness of M can be shown in the same way as in the proof of the previous
lemma. Let E be a stable rank three bundle on P4 with Chern classes (−2, 4, 0). Using the
minimal free resolution of E tensored with E∨ gives
Hi (E ⊗ E∨) = 0 for q ≥ 2.
This tells us that χ(E⊗E∨) = h0(E⊗E∨)−h1(E⊗E∨). Since E is stable, h0(E⊗E∨) = 1.
So dim(M) = −χ(E ⊗ E∨) + 1. We use the locally free resolution of E ⊗ E∨ and the
Riemann–Roch formulae for χ(E∨(− j)), 2 ≤ j ≤ 6, to compute χ(E ⊗ E∨). In fact,
χ(E ⊗ E∨) = −27,
so dim(M) = h1(E ⊗ E∨) = 28.
To complete the proof, it remains only to show that M is irreducible. To see this, we
use the same idea as in [3], Theorem 3.2. Proposition 20 implies that classifying the stable
rank three bundles on P4 with Chern classes (−2, 4, 0) is equivalent to classifying the
cohomology bundles of monads of type
2O(−1)⊕ Ω3(3)→ Ω2(2)⊕ Ω1(1)→ O. (14)
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Let E(1) be the cohomology bundle of a monad of type (14). As claimed in the proof of
Proposition 20, the bundle E(1) has a locally free resolution
0→ 2O(−1)→ G → E(1)→ 0,
where G is obtained as the cohomology bundle of a monad of type
Ω3(3)→ Ω2(2)⊕ Ω1(1)→ O. (15)
Let N be the moduli spaces of bundles G. Then there exists a surjective morphism
pi : M → N . Let s = (s1, s2) and s′ = (s′1, s′2) : 2O(−1) → G be two injective bundle
maps and let E(1) and E ′(1) be the associated quotient bundles. Note that G is simple.
So it is straightforward to show that E(1) and E ′(1) are isomorphic if and only if s and
s′ correspond to the same point of the Grassmannian of planes in H0G(1). Therefore we
conclude that the fiber pi−1([G]) is a Zariski open set of the Grassmannian of planes in
H0G(1). Since h0G(1) = 10, dim(pi−1([G])) = 16. In order to prove that M is irreducible,
we suppose on the contrary that there are at least two irreducible components M0 and M1 of
M . Then M0 ∩ M1 = ∅, because M is smooth. By the theorem of Chevalley [10] (Chapter
II, Ex 3.3), pi(M0) and pi(M1) are constructible sets of M . Looking at the dimensions of
M0, M1, N and the fibers of pi , we conclude that both pi(M0) and pi(M1) must contain
an open set of N . This implies that pi(M0) ∩ pi(M1) 6= ∅, because N is irreducible by
Lemma 22. However this cannot occur, as the fibers of pi are connected. 
Corollary 24. The Hilbert scheme HilbX (P4) of elliptic conic bundles in P4 is irreducible
of dimension 36.
Proof. Remark 21 implies that any such surface X yields a stable rank three bundle E(2)
on P4 with Chern classes (4, 8, 8). By the generalized Serre correspondence [15], there is
a correspondence (E, s1, s2) ↔ (X, t1, t2), where s1, s2 ∈ H0E(2) and t1, t2 ∈ H0ωX (1).
Since dim(M(−2, 4, 0)) = 28, h0E(2) = 8 and h0ωX (1) = 4, counting parameters gives
dim(HilbX (P4)) = 28+ 2 · (8− 2)− 2 · (4− 2) = 36,
which completes the proof. 
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